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Goals:

1. New interpretation of IM factorization.

2. Asymptotic behavior of the scattering
amplitude.
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Topics:

e The lancu-Mueller factorization and the
Reggeon-Like diagram technique;

e Generating Functional;

e The lancu-Mueller factorization in a toy
model;

e High energy asymptotic behavior of the
scattering amplitude for fixed and running
as ; [A new solution to BK equation]

e Amplitude in the saturation region;
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IM Factorization

The lancu-Mueller approach takes into
account fluctuations in the partonic wave
function of the fast moving particle which
were neglected in the non-linear equation.

Fluctuations in the partonic wave function
= Reggeon-Like diagram tehnique.

Toy Model:

Any dependence on the size of the
interacting dipoles, is neglected

The BFKL Pomeron intercept: A « ag

Gi=qg1 = A; G2:92=NA62

Correct order of a; and N, in pQCD
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The first enhanced diagram :

92 R :0

Reggeon-Like Calculation:
A = (—1)glng1G2°€AY (é{GAY — ]_} — %)

— (—1)]%,—21 edY ({ et — 1} — AY)

— (—l)A—zezAY (for large N, )
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The IM factorization for the first enhanced
diagram for dipole-dipole scattering.

gl — — r Y
G < >y,
uq § §U1
u- u- Y
GZ y2
g2 R ;O

Generating Function Calculation:

o Z(y,u) = ., Po(Y —y)u”

o AY —y,v)=1—-2Z(Y —y,u=1+~)
= (—=1)y2er2(Y—v) (eA(Y—y) — 1)

e A=A%-1)AY-y,vy=1)A(y,y = NLCZ)
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Generating Functional

separation of the high
energy part of ‘fan’ diagrams from

the low energy part.
generating functional.

(A.Mueller 1995)

Z(Y —y,r;[u;]) = B
Zn f Pn(Y—y, ri7Try, b1 ceoeTpy bn) H?:l ’LL(’I:;, bz)d2rzd2bz

Initial conditions for the functional:

At Yy = Y, P1 = 5(2)(’)?— ’1?1), Pn>1 =0
Z(Y —y=0,r; [u;]) = u(r)

Atu,,;:l
Z(Y —y, r; [u;=1]) = 1
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Generating functional sums ‘fan’ diagrams

—— Simple linear functional equation.

o 8Z(Y—y,r;[ui]) _

Oas y

— / dzriu(ri)w(’r‘i)%%z (Y — y, m; [ui])
~ 12
+[ dzridzr’u(m)u(m—ﬁ)ng(Fi_F/)z (‘iu?'r’)

Z (Y —y,r;[u(r’), u;)

The first term = probability for the BFKL Pomeron
to propagate y — y + dy (without decay).

The second term = possibility for decay of one dipole
to two dipoles (triple BFKL Pomeron vertex).
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Solution to GF equation can be written as
a function of a single variable u(y).

Pl = —w(r) Z (Y =y, 73 [wi])
2 —
+f dzr,rzz(,,;_?;»/)z Z (Y — vy, ' [ui]) Z (Y —y,7 — 'F,)v [ui])

) I
Does not
depend on
target
rl - rzl\) rl - rn

If all produced dipoles interact with the
target independently (without correlations):

N (Y, 73 [v(ri, b5)]) = 1 — Z (Y, r, be; [y(r4, bi) + 1])
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The IM factorization and enhanced diagrams.

Y, )

Summing over all possible numbers of the
interacting dipoles:

oeN (r,R,Y;b) =
Z;ozl f H?:l d2bzd2b; H?:l d2’l"7;d2’l°gﬁ/(’l“i, b—bz, Té, b,:)
+Np(r, Y —y;r1,b—by...7,,b—by)
- N, (R, y;r, 0.0 T, b:»,,)
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Where:

IN,, is the general term of expansion of the amplitude:

Nn (I“, Y, b, ’I}, bl Y bn) —
nt iz 5v; (L= Z(Y,r;[v(ri; b:) + 1)) [4,=0

Y(ri, i) is the amplitude of the dipole-target
interactions at low energies:

&(bza b,,b, T'iy ’I",;) —
—2 3
(=1) 6@ (r; — r!) 6@ (b, — b)) Zem ¥~ L

N2 (u2—|—%)2 'Pg

For single BFKL Pomeron exchange:

N (Y —y,r,q;[v(r1)]) =
[ dPr{ NBEFEL(Y — y,r,r15q) v(r1)

NEBFRL (Y,r,R;q) =
— [ d®rd®P{ N (Y — y,7,b; [v(r1)]) N (y, R, q; [v(r})])

v(r1) = v and y(ry) = (g5 m1,77) /v

completeness relation
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IM Factorization in Toy Model

Toy Model :

e Probability for the dipole to decay
in two dipoles is a constant (wy);

e The fact, that we have dipoles of
different sizes, is neglect;

Generating Functional reduces to:
Z(Y —y,u) = Zn:l P, u™
Initial and Boundary conditions:
Aty=Y: Z(Y —y=0,u) = u

Atu=1: Z(Y —y,u=1) =1

o0Z U o0Z yu
_ f(ayy ) — (u(l —u)) (y )
Z(Y —y,u) = =

1+ (e*0(Y —¥) _1)(1—u)
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Amplitude in a Toy Model:
N(y,u) = 1 — Z(y,u)

L ~e®0(Y —y)
NY —y,v) = — 1+ ~(e*0(V—¥) — 1)

Our suggestion for IM factorization:

N(Y) — 2711-7; § dVVN(Y —Yy,v- 'YSM)N(yv %)

a27r3
where vspr = (—1) NI
Amplitude:

2_3

0’—37; eon
NY) = e

( ) 1+ %(ewo(lf—y) _ 1)(ewoy — 1)

AtY > 1:

3

a’ns Y a’m
N(Y) = 1—Fze " + O(ﬁ

e—w()Y/2>
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High Energy Asymptotic

General BFKL kernel:
w(v) = 25Ney (y) = 288e (24p(1) — P(v) — P(1 — 7))

Where, ¥(f) = dInT(f)/df

Simplified BFKL kernel:

( = for r’Q? < 1 (asln(r’A?)In(1/z))"

w(y) = 288e

|y for PPQI>1 (asn(r'Q)"
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Simplified BFKL Kernel.

Fixed o:

At r < 1/Qs(Y —y,b)

N (Y —y,r1,b; [v(73)])
= [ d&Priy(ri) NPFEL((Y — y, 71,74, D)

At r > 1/Qs(Y —y,b)

N (Y — Y, 71, b; ['Y(T’L)]) ,
1 — e~z (5+2N()])

([y(ra)]) = In ([ d?rie=dm 0/ Dy(r))

Matching of two solutions:

N(r,RY;b) = 1 — e~ 162 (¥R
2(Y,r,R) = 4a,Y — In(R?/r?)
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Running a; (short distances):

At r. > 1/QS(Y_yab)

1. o, is frozen at r? 52

1

N (Y,r,R;b) = 1 — e~ 5% = BK eq.
z = 80 (\/?) — In(R?/7?)

2. o depends on the size of produced dipole.

2
r
Qs f rl2 (,,-:_r/)z
d(F—7")?

’I"2 'r‘
—TT fl/Qg CYS("“' d 2 + Wfl/Qz CVS(|"° —»/|) (F—77)2

o N(’r‘, R, Y; b) — 1 — e_(b(Y_y?r)_d)(yaR)

o ¢(Y —y,r)+ ¢(y, R)
— ¢V, 1) + 258 (2 (ymin) + E3(R))

o &(Y)=In(Q(Y)/A), &(r) =1In(1/(r*A%))

2091\ @5(r) /s (R)
o E(Ymin) = £(r) (55
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Full BFKL Kernel.

Non-Linear equation in mixed representation:

o NG — G, (X(3(€)N (K y;b) — N(k,y;b))

o x(5(§) =145 &= In(kKkb?)

Ansatz for solution:

o N(z) = > [T dz (1 - e_¢(z/)>
e ¢ is a smooth function: ¢.. < ¢.p.

— %e—qb(z):(_gbz)ne—qb(z)

Substituting

~ (Yer) d2N(z)
s >1<—’Y'ycr (dz)?

= a, ([fx(Q— %) —1UN(z) + N(z)e~?)
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(Yer) d?¢  _ — (= dL(¢z) d’¢
>1<—77ma (dz)2 — (1_6 P ))  d¢r  (dz)?

For o > 1

1 d’¢p 1
(1—¢2)? (dz)?

At large zz ¢(z) = z — Inz

In coordinate representation:

N (k, Y, b) - N (Z) — %fz dZ,N(Z,)
e N (T2Q§(ya b)) — 1 — e—2()+Inz(r)
o 2(r) = In(Q3r?) = &322 (y —yo) —In(1/r?A%)

1—~ecr
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Physical picture for the result.

Pl ):( > ;
Qi+1
qi q
q=0Qs
Qs > ¢; > Q. >1r Q. >0 > 1/r
—c 72 = probability _7 +|n z | = Probability to

for dipole to pass
the target without

any emission of gluons

The IM factorization and HE amplitude.

have no elastic
scattering
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High energy amplitude in the saturation
region.

Fixed ag :

N (r,R,Y ;D)
1 — e—2(Y,mR) +2In(32(Y,7R))

z2(Y,r,R) = 4a;Y — In(R?/r?)

N (r, R,Y;b) # solution to BK equation !

Running ag :

N (r,R,Y ;)

2 2 In(Q2/A)
_ 1 eln('r QS)_ln<ln<ln(1/(r2A2))>)

N (r, R,Y;b) = solution to BK equation !
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Results:

e The IM factorization is closely related
to sum of enhanced diagrams;

° New solution of non-linear evolution
equation in saturation region;

e The simple formula for the dipole-dipole
amplitude, which sums enhanced
diagrams and manifests the IM
factorization;
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