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Prerequisites: hydrogen and muonic hydrogen spectroscopy

Muonic hyd rogen The measured transition frequencies
vs = 54611.16(1.00)Y(30)%Y® GHz,

The size of the proton, Nature 466, 213-216 (2010)
vt = 49881.35(57)5(30)5Y5 GHz,

c 2P fine splitting
2P, 1 3
a2 Shust S = AR +8.8123(2) mev,

hvs — hvy =  AEyes — 3.2480(2) meV.

The numerical terms include: the 2p fine structure, the 2ps /,
hyperfine splitting, and the mixing of the 2p states
AEPP = 202.3706(23) meV, AEgE = 22.8089(51) meV:

Lamh

AEPP & 206.0336(15) — 5. 2275(10)72,
AEZP. ~ 22.9763(15) — 0.1621(10)r.

HFS =~
e 25 hyperfine splitting G i) ™
r=i) rz; = 1.082(37) fm.
Science 339 (2013) Sustainable value since 2010
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Prerequisites: hydrogen and muonic hydrogen spectroscopy

Hydrogen

Theoretical evaluation of hydrogen energies is performed according to the formula

1 m
Enlj:Roo (_n7+fnu (a,m—e,rp...)). (1)
p

Res = meazc/Zh is the Rydberg constant and rp = rg - proton charge radius, fp; includes all
necessary corrections.

Assuming all others are known, the energy depends on two parameters Roo, I
= at least two transition frequencies such that
hI/eXp = E”U = En’[’j’
Most accurately measured frequencies: 1s-2s and 1s-3s - the correction for finite nuclear size
Two-photon absorption transition frequencies: 2s-ns/nd - Rydberg constant

Until 2017, from experiments on hydrogen
proton charge radius r, = 0.8759(77) fm
Rydberg constant Roc = 10973731.568508(65) m—1 .
CODATA: P. J. Mohr, D. B. Newell, and B. N. Taylor, J. Phys. Chem. Ref. Data 45, 043102 (2016)
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The role of line profile asymmetry in precision spectrosc

The theory was established as early as 2002:
U.D. Jentschura and PJ. Mohr Can. J. Phys. 80, 633-644 (2002)

C @ b C

X
. ax ~
1A a2 X T Y A T4

@

2s — 4p transition in hydrogen
Line profile asymmetry was observed and taken into accout - Science 358, 79 (2017)

The theory predicts the asymmetry of the observed line profile (2)

The process of photon scattering should be examined more carefully
= beyond the resonance approximation

The differential cross section of one-photon scattering gives at low order the Fano profile
The asymmetry depends on the angle between the incident and emitted photons
Using profile symmetrization the "line center” was more neatly determined ("magic angle")

Roo = 10973731.568076(96) m™, r, = 0.8335(95) fm. 3)

@ "Proton radius puzzle" is almost solved
@ Phys. Rev. Lett. 128, 023001 (2022): r, = 0.8584(51) fm, Roo = 10973731.568332(52) m~—!
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Qualitative description of NR effects in hydrogen

The effect of line profile asymmetry can be schematically illustrated as
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Spectral line profile asymmetry and NR effects: amplitude

and Lorentz profile

@ One-photon scattering amplitude of a photon on an atom

(o4f, ;) (e (ahhy e, ) (ctpe,)
U = ¢ [Xn: En(;izi(g - w1n, + Xni Bl i({; iy :-’le

aAy e and aA; , - photon absorption and emission operators = (ep)eikr

@ QED derivation of the Lorentz profile for the atomic spectral line (the regularisation is
performed according to F. Low, Phys. Rev. 88, 53 (1952))

)

(bloAg . la)
Ep — Ea — w + (b3 (Eq + w) |b)’

em

ba

©)

imaginary part S(b|$ (Ep) |b) = —I/2, the real contributions in £, and Eg.
@ Then the standard expression for the Lorentz profile is:

1
dw - Z/ wdwdnk |2 1 Wyadw Y (6)
R (wo — w)? + alh

4
Wpo = gesz|<b|p|a>\2, Moo= Wea )
a<b
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Spectral line profile asymmetry and NR effects

Lorentz profile - resonant line contour, frequency distribution

@ A careful calculation of S(b|3 (E,) |b) = —T/2, see L. Labzowsky, G. Klimchitskaya, Yu.
Dmitriev book 1993, leads to the expression:

l-oa

Mo(w) = =22 Y (bn| 2sin ((Ep — En + w)r12) |nb). 8)

En<Ep

@ The natural level width is represented as:

" 1 3 w 1 UJZ
Mp(w) = Mh(w) + Ty (w) = 262w [wé —3¥ ] lblr|a)? = 9 <1 A §§> . @
0

Consistent with PRL 108, 043005 (2012); ") = 42 (b |r| a)|? at the resonance point.

@ The extended Lorentz profile:

1 X F(O)

gwé(x_ 1)2 + iXZ (1 . %XZ)Z (rl(jo))zr

PE(x) = X = w/wo. (10)
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Differential and total cross sections

Total cross section when the squared amplitude is integrated over all angles
Differential cross section: the dependence on the angle between the incident and emitted photons

* =3 4 2
do (w) ~ (aAkZ,ez )fﬂ <aAk1’e1)af 4 Z (aAkz’ez >fﬂ (aAkl’ei)nf a“ Z (aAkl’el )fﬂ (aAkZaez)nf
fi EafEifUJf%rg n7a En—E,'—w P En_Ef+w
total cross section differential cross section
. 10
;R;\r,‘)\ .\6’;\0

] &
absorption 9

The shift of the resonant frequency can be determined from the extremum condition:

dgﬁ(w) = dU](ﬁO) (w) 0 do'](jl)(w)' (12)
W = O = w=uwp + R (wo = Eqa — ). (@3
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NR effects for the total cross section: Ly, line

The transition frequency Ly, 2466060015.04 MHz, is determined with accuracy of ~ 0.5 MHz.

Nonresonant correction for hyperfine structure

PHYSICAL REVIEW LETTERS

f(F, F") f(F,F") ® q@@r . F'')
(w—wo)?+ 33,  (w—wo — Aups)? + %r%p (w— wo — $T3p)(w — wo — Anps — $T2p)

onrs(w) ~

f(1,2) : f(1,1) : g(1,2,1) = 181 : 1 : 0.307. The asymmetry due to the interference term 0.307 /181 =~ 0.17%:

E(2p3 /7)—E(1sy /,F=1)

(SNR

~ 0.001713, ~ 0.17 MHz.

Other calculated NR corrections to the total cross section are negligible
U.D. Jentschura and PJ. Mohr Can. J. Phys. 80, 633-644 (2002) - at MHz level for differential cross section
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NR corrections to 1s — 2s transition frequency

The 1s — 2s transition frequency is the most accurately determined in hydrogen, with an
experimental error of ~ 10 Hz at present, 10~ relative value
NR corrections to the 1s — 2s transition frequency: spontaneous and in an external electric field
decays

r2 2071612
NR correction can be estimated as || = 22 ~ % = ma*(aZ) ~ 10~ 1* Hz.
For a weak electric field, the Stark (mixing) parameter is &g = (2s|d€|2p) /AE;, < 1:
7)
6] = 72 ~ 1073 Hz.
For the differential scattering cross section one can find

1
1(r r 22
15| = = 2p' 2" 2p,1y &P 10-2 Hz. (15)
2\ Tas24Texp AE;

The absorption and emission regions are spatially separated in the experiment
Fradkin E.S., Gitman D.M., Shvartsman Sh.M. Quantum electrodynamics with unstable vacuum, 1991

The experimental situation is very successful
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The quantum interference effect (QIE)

Differential scattering cross section: two close resonances

NR correction was derived by Jentschura U.D., Mohr PJ., Can. J. Phys. 80, 633 (2002) (fine structure):

C b C
i~ o+ ax+ al i ) (16)
i R g
A(x) + 4 X+ Fg Fano profile 17)
X 7 4 — —
*ac 4 g
Then the frequency shift (x = wg — w, a ~ I/A?S, b~ 1/Ag)
i ar*  bpr?
N = e =2 2 =8 18
<2> 8C y- 4C $
art  or?
A(0) = 19
© IC " BT @
The result was used in the experiment Science 358, 79 (2017): “line center” determination.
2
f @dy iz ((6a) (260 +1£7(@d)) -
NR = =

- J}(H)(a, a) 4D fﬁ(”) (a,a)? 168

The resonant]}(”)(a, a) and nonresonantfﬁ(“)(a, a’) amplitudes determine the angular dependence (polarization
and direction vectors, their combination), Ag, - fine structure interval + HFS
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QIE: 2s-4p experiment

Application to hydrogen spectroscopy: 2s — 4p A. Beyer et al, Science 358, 79 (2017)
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QIE: 2s-4p experiment

Application to hydrogen spectroscopy: 2s — 4p

If in the process of frequency measurement all radiation is registered (Science 2017):

> for 1 :
nelejeFs I I
Sl = R I e o Bty 1)
Z fres 4Afs 4Afs
neleiffy

Using the Fano profile, the asymmetric part was subtracted when processing the experimental data: "line center" =
transition frequency = 10~ *accuracy: vy /, = 616520152555.1(3.0) kHz, v/, = 616521519990.8(3.0) kHz.

The weighted average hyperfine centroid 1,54, corrected for hyperfine shift (Aggs Science 2017):

1 2
Vys—ap = gul/z aF gl/;/z — Apps = 616520931 626.8 kHz, (22)

Ayrs = 132 552.092(75) kHz.
= R, = 10973731.568076(96) m~*, r, = 0.8335(95) fm Still some questions:
@ Subtraction procedure - extraction of symmetrical part at magic angle

@ The absorption profile was obtained by registering the radiation

@ Theory basics: the process should be considered from stable (metastable) to stable (metastable) states
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QIE: 2s-4p experiment

If in the process of frequency measurement radiation to certain final state is detected:

Final state, f | 6% to 113, kHz | 64 to vs/, kHz
1577 60.7127 151782
B -30.3563 30.3563
2577 607127 -15.1782
Z -30.3563 303563
350, 60.7127 -15.1782
357 -30.3563 30.3563
3dl) 303563 30.3563
37, 60713 -151.7819

At fixed total atomic moment F of the final state, NR does not depend on angles = typical frequency
shift.
The "line maximum® for v /5:
Fr =0 wres =616520152619.2 kHz, (23)
Fr=1 wres = 616520152528.1 kHz,
Ff =2 wres = 616520152564.6 kHz.

Minus NR correction = wq can differ on few kHz (within experimental error)

@ ’line maximum" and "line center” can be related by the averaging procedure (ambiguity)
@ measurements can be made for each specific transition (photons with a certain frequency)
@ Participation of the emission process in determining the frequency of the absorption transition?
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QIE in cascade emission

Participation of the emission process in determining the frequency of the absorption transition
Scattering process should be considered from (meta-)stable to (meta-)stable states
More than two photons means a more complex line profile
It can be found that the absorption frequency, determined from the extremum condition, is equal to

Wmax = wo + 0wy + dwg + dwp, (24)

where dwj is defined by the expression:

i 2 (Fr + Ta)*(Ta + T»)?
wj = = , T ¥ (25)
9 4n; (Fr 4+ Ta)2(Fg + Fp)2 4 (T + [g)2M2 + (Mg + Fp)2I2
Here i is one of the states labelled r, a, b (resonant, upper cascade, lower cascade).
Assuming that all outgoing photons are directed to the same detector, the NR (type 2) corrections are
1 2 :
6w,:—5(1—3cosZ€)4A’rT,6wa:076wb:24A’b'T‘. (26)

Corrections reach hundreds of kHz, and, with branching ratios for cascade radiation, W,(a”)/l',, several kHz.
Decay to the ground state is preferable!
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Two-photon spectroscopy of hydrogen

Two types of experiments:
i) the radiation corresponding to the upper cascade link is detected,
ii) the population change of the 2s states is determined.

i) Cross section of two-photon absorption with subsequent one-photon emission
The cross section has the form:
day ¢ £27(a,a) 2@, 0)(wo — 2w)
dny,  2F +1 7t = : (27)
k3 b (wo — 2w)? + £ ((wo — 2w)? + £) (wo — 2w+ A)

From the extremum condition:
DU, o') 2
7
= -4 2 SNp= ——— 2. 28
wmax = (wo — onr)/2, NR = aa) * (28)
f

Two-photon spectroscopy of hydrogen: 2s — ns frequency

2s —ns (n = 4,6,8,12) and 1s — 3s transition frequencies are shifted at the level of a few kHz, the shift can be
nullified at a "magic angle".

Two-photon spectroscopy of hydrogen: 2s — nd frequency
2s — nd (n = 4, 6, 8, 12) transition frequencies are shifted at kHz level. NR shifts consist of constant and angular

dependent parts = asymmetry should be taken into account (cascade QIE - PRA 109,:022806 (2024).- kHz level),
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Two-photon spectroscopy of hydrogen

i) Experiments registering a decrease in the population density of the 2s state

The emission amplitude can be discarded. Then the absorption profile can be written as follows:

do'((:bs) N (@ ol Caﬂ/ 2(2(4) 2 wo) 29)
dwdQ,dQ; (2w — wp)? + %rg (2w — wp)? + %Fg 2w — wy — Ags
o d g Fi=1 Fo=2 . Fi=1 Far=2 ¥
Considering the interfering 251’/Z — nds"/Z ,251’/Z — nds"/z transitions forn = 4,6, 8,12,
Ay = EndFa:z —E Fu=1 and denoting the level width as I',4, the results of the calculated NR corrections are
3/2 sy

shown in Table.

State Afs: Hz I ha, HZ 5NR: Hz Unc., Hz
4d | 4.557026 x 10° | 4.40503 x 10° | —8691.82 | 24. x 10°
6d 1.350231 x 10® | 1.33682 x 10® | —2701.67 | 10. x 10°
8d 5.69628 x 107 | 5.72382 x 10° | —1174.02 | 6.4 x 10°
12d 1.68779 x 107 | 1.72261 x 10° | —358.88 | 7.0 x 10°
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Two-photon spectroscopy of hydrogen

Rev. Mod. Phys., Vol. 93, No. 2, (2021)

The correlation coefficients r(x;; X;) (x; denotes the measured transition) among the input data for the hydrogen
and deuterium energy levels are introduced in CODATA

Recomended values: r, = 0.8414(19) fm, Roo = 10973731.568 160(21) m~*

TABLEIX
and VIIL. Cos

9)- 05224
N-owz A

AL 00:
FAIOAZ) - 0056 rA2).A2
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