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Abstract. By making a decomposition of the Wigner function in spinor and isospin space we derive a set
of kinetic equations for the quark distribution functions and the spin densities. A detailed analysis of the
consequences imposed by the chiral invariance on the form of the transport equations is presented.
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| Introduction

The purpose of this paper is to generalize the already ex-
isting formulation of the mean-field transport theory for
the Nambu — Jona-Lasinio (NJL) model [1,2]. The main
aspect of this generalization is an extension of the simpli-
fied one-flavor approach [3] to the more realistic two-flavor
case. Formally, this is achieved by applying the technique
of decomposition of the Wigner function in both spinor
and isospin space. In this way we can also extend and
complement some of the earlier calculations done in the
framework of QED [4] and QHD (quantum hadrondy-
namics) [5], where the Wigner function was decomposed
only in spinor space.

The transport theory for the NJL model was initially
developed by Zhang and Wilets [6]. They used the closed-
time-path formalism together with the effective action
method. Unfortunately, the explicit form of the gap equa-
tion derived by Zhang and Wilets is valid only in the
mean-field approximation. This fact strongly restricts the
possible applications of their advanced method. A further
development in the transport theory for the NJL model
was done in [3], where chirally invariant mean-field trans-
port equations were derived for the one-flavour version of
the model. In the present paper we generalize these results
to the two-flavour case. We take into account all the co-
efficients in the spinor and isospin decomposition. Thus,
although our formulation is restricted to the mean-field
approximation it does not include any further simplify-
ing assumptions concerning the structure of the Wigner
function. This allows us to study the space-time evolution
of the quark distribution functions and the dynamics of
spin. In this way we complement the results of [6] where
only spin saturated systems were considered. We include
also the possibility of having nonzero pseudoscalar con-
densates, which is crucial in studies of the chiral invari-

ance of the theory, and is of interest in connection with
the possible creation of disoriented chiral condensates [7].

We concentrate in more details on two special cases.
The first one corresponds to the exact chiral limit, i.e., to
the situation when the current quark masses vanish. On
the other hand, the second case corresponds to the physi-
cal situation when the current quark masses do not vanish
and are (slightly) different from each other. Studying the
chiral limit we investigate how the concepts of chiral in-
variance can be explicitly included in the formulation of
the transport theory. In this case we follow the treatment
of [3].

The study of the transport theory for the NJL model
becomes interesting in the context of the ultra-relativistic
heavy-ion collisions. One expects that these highly ener-
getic processes offer the possibility of creation of a short-
lived quark-gluon plasma (QGP) [8]. It is very likely that
during such a deconfinement phase transition the chiral
symmetry is restored. This is indicated by lattice simula-
tions of QCD [9] which show that the two phase tran-
sitions occur at the same temperature. Transport theory
based on the NJL model gives us the possibility to study
phenomena connected with the chiral phase transition in
systems out of thermodynamic and chemical equilibrium.
This is an attractive feature of the model, since the meth-
ods for applying QCD directly to such situations have not
been elaborated yet. The QCD transport theory has been
formulated in papers by Heinz [10] and by Elze et al.
[11] but this approach, with few exceptions [12], is not
frequent in phenomenological applications.

In the mean-field approximation the NJL model in-
cludes only quark degrees of freedom. Therefore, this
approach is not fully appropriate for the description of
hadronic matter at low temperatures or densities and one
has to go beyond the mean-field approximation in order
to obtain the agreement of the low-temperature NJL re-
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sults with chiral perturbation theory [13]. On the other
hand, close to the deconfinement and chiral phase tran-
sitions the quark degrees of freedom become relevant. In
this situation the mean-field approach is appropriate since
it describes many important features of the chiral phase
transition like, e.g., the decrease of the in-medium quark
condensate. Consequently, the present formulation of the
transport theory is most suitable for description of the
phenomena happening in the neighborhood of the chiral
phase transition [14-16]. Work concerning the inclusion
of meson degrees of freedom into the transport theory for
the NJL model (this is equivalent to the extension of the
mean-field approach) is currently being carried out by the
Heidelberg group [17].

The paper is organized as follows. In the next Section
we define the model. In Sect. IIT we introduce the Wigner
function, define its spinor and isospin decomposition, and
discuss the chiral transformation rules. Section IV presents
the quantum kinetic equations satisfied by the coefficients
of the spinor and isospin decomposition. In Sect. V we
do the classical approximation and derive the so-called
constraint equations. This is done separately for massless
and massive quarks. The classical kinetic equations for
the quark distribution functions and for spin densities are
derived in Sect. VI. We summarize the paper in Sect. VII.

Il Definition of the model

In this paper we consider the Lagrangian
_ G _
L=Ti§—m)¥+ [(F0)? + (TisT0)?], (1)

where ¥ = (1, 1%4) is the doublet of the Dirac fields, G is
the coupling constant, 7 = (71, T2, 73) are the Pauli isospin
matrices, and 7 is the matrix containing current quark
masses m,, and my. This matrix can be written in the form
m =mg +m-7, where mg = £(my +mq), my =mg =0
and m3 = %(mu — myg). For simplicity, the color degrees
of freedom of quarks have been neglected.

Using Lagrangian (1) in the mean-field approximation
we find the following equation of motion for the field ¥

[i@—1h —o(x) —iysm(z) 7] P(x) = 0. (2)

Here the mean fields o(x) and w(z) are defined through
the expressions

o(2) = G (F(@)0(2)) = —G Tt (pU(x)¥(x))  (3)
and

G ()i ()
—G Tr (p¥(x)ivsT¥(2)), (4)

w(x) =

where p is the density operator and Tr denotes the trace
over the Fock space.

An important feature of the NJL model is invariance
under several symmetries of QCD. The Lagrangian (1) is

invariant under Uy (1) transformations, which leads to the
conservation of the baryon current

V() = (@ ()" (x)). (5)

In the isospin symmetric case, m, = mg, the Lagrangian
(1) is in addition invariant under SUy (2) transformations.
This fact gives the conservation of the isospin current

0, V¥(z) =0,

(Vi (@) =0, VHa)=((x)'7¥(z)).  (6)
In the chiral limit, m, = mg = 0, (1) does not change
under SU4(2) transformations. This invariance leads to
the conservation of the axial current

Af(z) = (W (z)y ¥ (2)).  (7)

We note that we have defined the conserved currents as
the expectation values in the state characterized by the
density matrix p. In this case the conservation laws follow
directly from (2)—(4).

Let us now introduce the Green function

O A*(z) =0,

S5 ap(,y) = (T5(y)¥ia(x)), (8)

where 4, j and «, 8 are isospin and spinor indices, respec-
tively (i,7 = 1,2 and «, 8 = 1, ...,4). One can easily check
that the Green function (8) fulfills the same equation as
the field ¥ does, namely

i — 1 —o(x) —iysm(x) 7] S=(z,9) =0.  (9)

Moreover, the mean fields o(z) and m(x) can be deter-
mined directly from S<(zx,y) via relations

o(z) = -G tr S<(z,x),
w(z) = —G trivsTS< (2, 2), (10)
with the trace tr taken over spinor and flavor indices. One
can observe that (9) and (10) form a closed system of equa-
tions. It will be the subject of our studies in the following
Chapters.

111 Wigner function
A Decomposition in spinor and isospin space

Our aim is to derive a set of kinetic equations for the
classical distribution functions. This can be achieved in
the standard way by introducing the Wigner function

1 ;
Wijap(X,p) = ﬁ/ druer? " S5 o (X + fu, X — fu)
(11)

and finding the equations of motion for this function in
the limit # — 0. In Eq. (11) the quantity X is the center-
of-mass coordinate, X = %(z + y), and u is the relative
coordinate, u =z — y.

Starting from (9) and using the well known results
for the Wigner transform of the derivative of a two-point

function, Of (z,y)/0x*, and the Wigner transform of the
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product of a one-point function with the two-point one,
f(x)g(z,y), we find the following equation

ih
Ky, = M(X) = mer + 0,M(X) 0 (12)

—iys (X)) T — 275 oum(X)-T 05| W(X,p) =0,

where we use the standard notation 0" = 0/0X,, 0ff =
9/0py, KM = p"+ 29" and M (X) = o(X) + mo. We note
that in (12) higher order gradients have been neglected,
so it is valid only for weakly inhomogeneous systems. In
addition, there is no collision term on the right-hand side
of (12), which is a consequence of the mean-field approxi-
mation. The effects of collisions have been recently studied
in [16].

Since the Wigner function satisfies the condition
W(X,p) = v"WT(X,p)y° = W(X,p), it can be repre-
sented by the following combination of Dirac tensors I’

N ~ “ o 1 ~
W=F+ivsP++"V, + "4, + 50“"8“,,. (13)

In the decomposition (13) each coefficient C [i.e., the func-
tions F(X, p),P(X,p),Vu(X,p), Au(X,p) and S, (X,p)]
is a hermitian two by two matrix. Thus, it can be further
decomposed in the isospin space according to the rule

C=C+C-T. (14)
In this way we generalize the usual approach, which does
not take into account such structure. Similarly to (14) we
introduce the quantity M (X) defined as M (X) = M (X)+
m-7=o(x)+mg+m-T.

Many of the functions defined by the spinor and isospin
decomposition, (13) and (14), have a direct physical inter-
pretation. For example, the quantities V¥ (X, p), V*(X, p)
and A*(X, p) are the phase-space densities of the baryon,
isospin and axial currents. Moreover, according to (10),
the mean fields o(X) and #(X) are simply related to the
functions F(X,p) and P(X,p)

#(X) = —8G / (gﬁl)’f(x,p) (15)
and ”
7(X) = 80/#7%)(,]9). (16)

For the physical interpretation of the other components
we refer the reader to [4,18].

B Chiral transformations

The most important feature of Lagrangian (1) is its exact
chiral invariance in the case m = 0. Studying the transport
theory it is interesting to analyze the consequences of this
symmetry for the transport phenomena. This has been
already discussed in detail for the one-flavor version of the

model [3]. In this paper we shall generalize these results
to the two-flavor case.

The SU4(2) chiral transformation of the field ¥ is de-
fined as follows

v = exp(—i’m%)?

= (cos % — dysn-T sin %) v. (17)

Here n is a unit vector in direction of )x and x is the length
of x. The property (17) induces the transformation rules:

o — o' =0ocosy — m-nsiny (18)
for the scalar mean field and
m — 7' = 7 cos? g — [2(7-n)n — 7] sin? %
+onsin (19)

for the pseudoscalar mean field, respectively. As expected,

the combination 02 +7r? is an invariant of the chiral trans-

formations. Another consequence of (17) is the transfor-

mation law for the Wigner function

T
)

W—-W = exp(—i%XT W exp(—insXT). (20)

2
Equation (20) leads to a set of the transformation rules for
the coefficients in the spinor and isospin decomposition.
Their full form is listed in the Appendix. Below we give the
prescriptions for the infinitesimal chiral transformations
(denoting the infinitesimal value of x by éx). Infinitesi-
mal chiral transformations of the scalar and pseudoscalar
coefficients are:

F — F' =F+P-néyx, (21a)
F — F =F +Pn by, (21Db)
P — P =P—Fnby, (21c)
P —P =P—Fnéyx, (21d)

and of the vector and axial-vector coefficients:

V= V=V, (22a)
V.=V, =V,—nxA, by, (22b)
A, — A, = A, (22¢)
A, — A, =A, —nxV, bx (22d)

The quantities S, Spv s S/w and S/w [the last two are the
dual spin tensors defined below in (24)] transform in the
same way as the functions F,F,P and P. This property
resembles the case of the one-flavor calculation (see (22)
of [3]). In addition, similarly to the one-flavor case one
finds that both V* and A* are chirally invariant.

IV Kinetic equations

Substituting formula (13) into (12) and comparing the
coefficients appearing at the Dirac tensors we find a set of
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coupled equations

K“]}“ —~ MF+m-1P

ih v 125
= 75 (6,,Map.7:* 8u7r'T8pP> ) (23&)
—iK*A, — MP — -1 F
ih U v T
Kuﬁ—F iKUSVM - Mf/u + ZWTAN
Zh Uy . v 1
i) (aVMapV# — 28V7r~7'6pAu) ; (23¢c)
iK'P — K, — NA + imor 0¥
ih v 3 . 12%
= - (o Moy A — 0wV (234)

~ ~ ~ ~HY ~ A
i(KMV/'— K'VR) et P K Ay —-7S  +MS™
LUV

:%ﬁ%M@SW—mwwxs ). (23e)

In (23d) and (23e) we have introduced the dual spin ten-
UV
sor § defined through relation

S — 1 mwasg

= 25 af- (24)
Equations (23) represent the spinor decomposition of (12).
It is a generalization of the set of equations (24) — (28)
from [3] where a one-flavor formulation has been ana-
lyzed. In the two-flavor case each of the equations in (IV)
has a matrix form. In order to put the equations in a more
transparent form, we perform an isospin decomposition.
This procedure allows us to deal only with real quantities,
which represent physical observables. At the first stage
of the isospin decomposition we insert expressions of the
form (14) into (23). Subsequently, we calculate the sum
and the difference of the initial matrix equation and its
adjoint for all the formulas appearing in (23). In the re-
sulting five pairs of equations one compares the coefficients
at the Pauli isospin matrices. In doing so, it is convenient
to use two relations

z{1,C}=22.C+2Cz-T (25)

and R
z-[T,C] =2i(z x C) T, (26)
where z is an arbitrary three-vector and [,] ({ , }) de-

notes the commutator (anticommutator). Finally, we get
five groups of equations.
Scalar equations:

PV, — MF—m-F +m-P =0, (27a)

h
V.- MF-mF+aP=—3 (9,7 x 9y P) , (27b)

h h ,
58“])“ = —§8VM8p.7:

+ E(“),,W-(%'P,

5 (27¢)

K h
3" Vu-mxFimxP=-20,MOF

2
h 174
+ 581,71'81,73. (27d)
Pseudoscalar equations:
Py
58 A, —MP-m-P—-7-F =0, (28a)
h h
EG”AH —MP-mP-—=nF= §8V7r x 0y F, (28b)
h
pr A, = §8VM31‘)’73
h 1%
+ Eauﬂ'-@p]-', (28c¢)
h
mxP+nwxF+plA, = §8VM8§'P
h 1%
+ §8V7r8p]-". (28d)
Vector equations:
h 1%
puF — 58 Sopy—MV,—m-y,
h 17
= —§8V7r-6p A,u, (29&)
h
- x A, +p,F — 58”81,“ -MV,—mV,
h v
= —58,/71'8])./4“7 (29b)
h
5(9”.7: + pVS,/M + W'AM
h 174
= —§8VM8P Vo, (29¢)
h
-mxV,+ Ea,f +p'Syu +mA,
h v h 17
= _581/M8pvu - 55‘”77 X 31).4” (29(1)
Axial-vector equations:
h ~
—58"7’ —p, S — MA* —m- A"
h v
= —581,7\'01,\)”7 (30a)
- X VH — 28’“}? —p, 8" — MA* — mA*
h v
= —§8V7r-8pV“, (30b)
PP — Zayéw o %
h 174
= —§8VM oy A", (30c)
—m x A" + p*P — g&,gw + wVH
= h@ Moy A" h@ oyt d
——51, D —5 LT X pV. (30)
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Tensor equations:

—Z(awy — OV — et Py Ay — -8
+MS" + m-8" =0, (31a)
h i
—5(8“\)” —"VH) — EWO‘BpaAg — T SHY 1 M SH
h o
+mS = S0y x 8", (31b)
prYY — pYVH — gs“”“‘ﬂ&xflg
h , o
=5 (o maps — om0 8" . (31c)
—7 x 8" 4 m x S 4 phYY — prYH — %5“”“58aAﬁ
h v Suv
=5 (o, map8™ —0,m0)5m). (31d)

The first two equations in each set of formulas (27)—
(31) can be regarded as the “hermitian” parts of (23).
They correspond to (31)—(35) of the one-flavor approach
[3]. The other equations in formulas (27)—(31) are the
“anti-hermitian” parts of (23) and correspond to (37)-
(41) of [3]. In the case m = 0, using expressions (21) and
(22) defining infinitesimal chiral transformations, one can
check that (27)—(31) are chirally invariant.

Note that (27c), integrated over four-momentum p,
leads to baryon current conservation (5). Analogously, one
finds using (27d) and (16)

h9,V*(X) = 16m x / (;ll]-'(X, p (32)

)4
which yields the conservation of the isospin current in the

symmetric case m, = mg [compare (6)]. Finally, (28b),
(15) and (16) lead to the expression

4
h 9, A*(X) = _2—2““77()()_16111/(37’;4

which reduces to the axial conservation law, (7), in the
chiral limit m, = mg = 0. Thus we see that after mak-
ing the gradient expansion, the conservation laws are still
included in the transport equations.

P(X,p), (33)

V Constraint equations
A Classical Approximation

In order to obtain classical transport equations one makes
an expansion of the functions F (X, p), P(X,p), ]A/# (X,p),
A (X,p), S (X,p), 0(X) and 7(X) in powers of hi. In
this way each coefficient in the decomposition (13) as well
as the functions ¢ and 7 can be represented as a series

C = é(o) + hé(l) + h2é(2) + ... (34)

Inserting expressions of the form (34) into the kinetic
equations (27)—(31) and comparing the terms appearing
in the leading (zeroth) order of % we find a set of con-
straint equations, which connect different leading order
terms of the coefficients C.

Scalar constraint equations:

PV — M) Fo) —
)
PV —

m-F o) + 70y Py =0, (35a)
M) F (o) — m Fo) + m(0) P(o) = 0, (35b)
—m X F (o) + () X P(o) = 0. (35¢)

Pseudoscalar constraint equations:

Mo)Pro) + m-Po) + () Fo) =0, (36a)
M 0) P(O) + mP(O) + (o) f(o) =0, (36b)
L 0) _
AP =0,  (36c)
m x P + 70y X Foy +p" AP =0.  (36d)
Vector constraint equations:

p#]:(o) M(Q)V —m- VELO) = 07 (37&)
—T(0) X ALO) +puFo) — Mo VL) — mVISO) 0, (37b)
p'SE) + o) ALY =0, (37¢)
—m x VO +p"SO) + 70 AY = 0. (37d)

Axial-vector constraint equations:
pl,SE'O’; + M(O)A?O) + m-Aé‘O) =0, (38a)
o) X Vi) + PuS (o) + M) Aly, +m Aly =0, (38b)
p”P(o) + (o) -V?O) =0, (38c)
—m X A?O) +p"Poy + ﬂ(O)V(%) =0. (38d)

Tensor constraint equations:

_chwval, Af@o)— 7 (0)-S(0) + Mo Sl +m-Sly) =0, (39%)
— P po AL~ (o) Sl + Moy S{i) +m Sl = 0, (39b)
PV, o) =0, (39)

—ﬂ'(o) X Sl(lboy)"_m X SI(LOV) +p v(O) ()) =0. (39d)

The constraint equations written above have to be supple-
mented by the expressions for the mean fields to leading
order in h

4
o) (X) = —8G / (ZT’;mm (X.p)

8G/

(40)

and

'P(o) (X, p). (41)

B Chiral limit

In this subsection we shall analyze the form of the con-
straint equations (35)—(39) in the limit mo = m = 0 [in
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this case M)(X) = 0(p)(X)]. Having in mind the pre-
vious studies relying on the spinor decomposition [3-5],
we expect that quantities F(g), F (o), A‘(LO) and A’(‘O) can
be used as the fundamental variables in construction of
the transport theory: F(q) describes the quark space-time
distribution, F ) specifies the isospin of quarks, Af‘o) de
scribes the quark spin density, and Aélo) determines the
spin density of quarks with different isospin components.
We note that the “classical” isospin of quarks is described
here by a three-vector. This fact is connected with the
form of the decomposition (14) of the two by two, quan-
tum mechanical density matrix. We also note that (36¢)
and (36d) indicate that only three out of four Lorentz
components of A% 0) and AE‘O) are independent. Therefore,
similarly to the “classical” isospin, the “classical” spin of
quarks is also described by a three-vector.

Let us now express the quantities P(g), P (o), V(%), V?LO),

17 v v
Sty Stoy: S(o)
and A
(36b) deﬁne the pseudoscalar densities in terms of F(g)
and f((])

and S?OV) as functions of Fg), F (0. Aé‘o)

. First of all, it is easy to notice that (36a) and

70 F 0

'P(o) = — (42)
9(0)
T (0) F{

Py = —— 2O, (43)
9(0)

In the similar way (37a) and (37b) define V//

) and V’{O) in
terms of F gy, F () and A(o)

(44)

= 4
© o) (45)

After a few algebraic manipulations (39a) and (39b) allow
us to express the spin tensors Sé%), S?OV) and the dual spin

tensors Ség;, S’(LOV) as functions of A( and A

(0)

174 1 174 1%
So) =~z [P““(O)'AO) P 77(0)'-‘%)}
+ e A, (46)
SUY U(O) v v
Sy = "2 [ Ay = AL |
©
vap, TO) A
gk BPO‘TQB7 (47)
v o__ 77(0) 14 v
S =" [ Al — b7 Al
o) (0)
teelp, —O B gy TP (4g)
(0) (0)

77(0) .AN

WORGON (0) (49)

~ v 0
8oy = 7o [p“

9(0) 9(0)

—Ewaﬁpa/l(ﬁo)} - ( FAY —p A(o))

Here we have introduced the chirally invariant mass

M2 (X) = o) (X) + ) (X). (50)

Let us now take into consideration the other constraint
equations appearing in the leading order of /. Substituting
expressions (42)—(45) into (35a) and (35b) one finds two
mass-shell conditions

[p* = M?(X)]F0)(X,p) =0 (51)

and
[p* — M?(X)]F (0)(X,p) = 0. (52)

The third scalar constraint equation is automatically ful-
filled, since P oy and 7 (g are parallel [see (35c) and (43)].
Substituting expression (46) in (37¢) and using condi-
tion (36d) one finds
0 — MP(X)] 0y Al = 0. (53)
Analogously, by substituting (48) in (37d) and using con-
dition (36¢) we get
? — M2(X)] Al = (4)
This formula follows also from Egs. (38a), (47) and (36b).
On the other hand, (38b), (49), (36¢) and (53) lead to the
mass-shell constraint
b? — M2(X)] Al = (55)
To complete our discussion of the constraint equations
in the chiral limit we should discuss an important prop-
erty of formulas (40) and (41). Using (43) in (41) we find
that (40) and (41) are not independent — they do not
determine separately the values of o) (X) and 7 ) (X).
This fact is a consequence of the chiral symmetry. It indi-
cates that only the invariant mass M(X) has a physical
significance.

C Massive quarks

In this subsection we are going to consider the case m # 0.
Calculating P ) from (36b) and substituting into (41) we
find that ) and m must be parallel in this case. Using
again (36b) we find that P o) must also be parallel to m.
Further inspection of (35)—(39) indicates that all quanti-
ties C (g are parallel to m [i.e., only their third component
is different from zero, C(5y = (0,0,Cgy3)]. In this situa-
tion it is convenient to introduce the combinations
Coyu=Clo) +Co3 (56)

Coya = Co) = Coy3
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which describe up and down quarks, respectively. Using
this notation, we can write

Py = —x _Fou
O)u O3 Mgy + mg’
Foyd
Py = T3 — DL 57
(0)d = T(0)3 M) — ms (57)
and
P*F(0)u P*Fo)d

In the massive case the gap equations (40) and (41)
take the form

1—|—4G/

and

N Foya(X,p)
a(0)(X)

(7:(0 u(X,p)

o) J=v

T(0)3(X) [1+4G/%

FoulXp)  FodXp) \]_
’ <U(0)(X)+m“ i U(o)(X)+md>} =0- (60

These two equations lead us to the condition mg)3(X) =
0. Thus, in the case when the chiral symmetry is explicitly
broken, the leading contribution to the pseudoscalar con-
densate should vanish (similarly as in the one-flavor case,
see (86) of [3]).

Substituting expressions (58) into the scalar constraint
equations (35a) and (35b), we find the mass-shell condi-
tions

[P? = (M7(X))?] Foy y(X.p) =0

where we have introduced the notation

(f = u,d), (61)

M*(X)

Mo)(X) + ms,
(62)

We turn now to the discussion of the spin dynamics.
First of all, (36¢) and (36d) give us the condition
PuA?o) =0 (63)

The tensor constraint equations (39a) and (39b) can be
used to find the expressions for the spin tensors, namely

Stoy

1
(07 = grre" pady .

The dual spin tensors are obtained by contracting this
expression with the Levi-Civita tensor as in (24). Using
now (63), (64), (38a) and (38b) we find

[p* — (M7 (X))*] Al

(X,p) =0. (65)

VI Classical transport equations

In this Section we derive classical transport equations.
This requires the study of (27)—(31) up to first order in
h. Since the calculations in the chiral limit have different
characteristics from those done for massive current quarks,
we discuss these two cases separately.

A Chiral limit

Substituting (43) and (44) into (27c¢) we find
PO F + MI,MOF =0 (66)

where F'(X,p) = Fo)(X,p)/0(0)(X) is the chirally invari-
ant quark distribution function (compare (60) of [3]). In
the similar way, substituting (42), (45) and the formula
for P(X,p) obtained from (28b) into (27d) one gets

p"9,F + M3, MLF = 9, ( “”) Al (67)
9(0)

where F(X,p) = F)(X,p)/o@)(X). In contrast to
F(X,p) the function F(X,p) is not chirally invariant
[under infinitesimal chiral transformations F — F/ =
F+m ) x(F xn) (6x/0(0))]. However, one can check that

the form of Eq. (67) is chirally invariant.
In order to find the kinetic equations satisfied by the
functions A’;O) (X,p) and A(o)( p) we use (30c) and

(30d), respectively. Calculating 73( p) from (28a) and
V’(‘O) (X,p) from (29b), and substituting these two expres-

sions into (30c) we find (to first order in #)
P9, Ay + MO, My Al + 7(0)0,S(g)
+ 7 (0) 81,870”) =0. (68)

Analogously, by computing P(X,p) from (28b) and

VH(X,p) from (29a), and inserting these expressions into
(30d) we find (again to first order in %)

4 v v ~ 1

pl 81,A(0) + May.Map Al(lbo) + 0'(0)8,,8(0)

+ W(O)(?US(‘BV) =0. (69)

Now, using expressions (46)—(49), and defining the leading
parts of the spin tensors, we find the desired equations

o, A ) M .
0, Aly + MO, M Al + 2 [ Ay = p" Al |
M T
_ ~pvaf () . (0) —
" pa 8, (—M ) AP =0 (70)

and

PO, AL + MO, MY AL + %a (W o>> x

o)
P70 Alyy — o) Afy | +

Qo) [, 40

2O [y Aty — pr Al | — el -,

(0) [p © =P (‘”} SRV VE

TT

< ((2>)> A = 010)0"m (o) X F. (71)
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Several comments are in order now:

(a) One can check that (70) and (71) are consistent
with the conditions p“ALO) = 0 and p“ALO) = F(o X
7 (0)- One can also check by a straightforward but tedious
calculation that (70) and (71) are chirally invariant.

(b) The kinetic equations (66), (67), (70) and (71)
together with the mass-shell constraints (51), (52), (54)
and (55) describe the evolution of quarks in the given
scalar and pseudoscalar fields. The calculations within
the NJL model require that these fields are obtained self-
consistently from the quark distribution functions. How-
ever, the discussed set of equations can also be used in the
cases where we are interested in the dynamics of quarks
in external scalar and pseudoscalar fields. For that reason,
the results presented in this Section are an extension of a
part of the earlier results obtained in [19,20]. An interest-
ing novel feature of the present approach is the coupling
between the spin and isospin degrees of freedom.

(¢) In the NJL model, one evaluates the mean fields
from the self-consistent equations (15) and (16). However,
due to the chiral symmetry of the model [see discussion
following (55)] only a chirally invariant combination M? =
7"%0) + 0(20) can be calculated from the knowledge of the
quark distribution function. Thus, the discussed system of
equations is closed (and can be solved) only in the case
when the ratio 7 )(X)/0(0)(X) is fixed and independent
of the space-time position coordinate X . Nevertheless, this
ratio can be arbitrary, as required by the chiral invariance
of the system.

(d) Since the ratio ) (X)/0(0)(X) is fixed and arbi-
trary, in practical calculations we can always set it to zero
(this is like choosing the convenient gauge in QED-type
calculations). In this case the form of the kinetic equations
(67), (70) and (71) simplifies substantially and reduces to
that known from the one-flavor approach (compare (62)
and (68) of [3]).

(e) Equation (71) does not guarantee the conservation
of the axial current, see (7) and (33). This fact can be seen
in the special case, ) (X)/0(0)(X) = 0, by using similar
arguments to those presented in the one flavor study [3].
Consequently, solutions of Eq. (71) are constrained by the
condition of the axial current conservation. Only those
solutions which satisfy (7) are valid.

B Massive quarks

Using (28b) and presenting similar arguments to those
used in Section V, we find that the cross product @ x P
vanishes up to the first order in 7. In this situation (27c)
and (27d) lead to the kinetic equations satisfied by the
distribution functions of the up and down quarks. They
have the following form

PO FT (X, p) + MP(X)0,MP (X)L F! (X,p) =0
(f = u, d)7 (72)

where F/(X,p) = F) (X, p)/M' (X).

The kinetic equations for the spin densities follow from
Egs. (30c) and (30d). Using the formulas for the pseu-
doscalar densities P and Ps, calculated from (28a) and
(28b) up to the first order in %, we can rewrite (30c) and
(30d) in the form

1p0” ALY —my (p“Pu)s + Ty sV,

) + $Mi0) 0. Sy,
= —5 M) 0, M0) Al

(0)
(73)
and
19" AL — s (pPay + 703Vl 5) + M0y 2uS(y

= — 3 M), M) 0% Alfy 5- (74)

Equations (28a) and (28b) give us additionally two condi-
tions

M"Payu = 300 A0)u — 71y 3F(0)u (75)
and
MPyq = 300A%) 4+ 7(1)3F(0) a- (76)

Substituting (58), (75) and (76) into the sum of (73) and
(74), and using formulas for the dual spin tensors we find

v I u uqr AH
P’ O, ALy, + MU0, M O Al
d, M , ,
+ S (P ALy Ay ) =0 ()

Similarly, by substituting (58), (75) and (76) into the dif-
ference of (73) and (74) one finds

v d d v
PO ALy o+ M9, ML Al
0, M?

T

(P Ay a— Al ) =0 (79)
Equations (77) and (78) are the analogs of the spin kinetic
equation derived for the first time in [3].

The mass-shell conditions allow us to express
F%4(X, p) as the sum of the quark and antiquark dis-
tribution functions f;" (X, p) and f, ,(X,p)

0 _ Eu,d X
F“’d()(7 p) =27 { <p2Eg’de() )) fua(X,P) (79)
5 (p° + Ep4(X))
H i el —p) 1] }

where

ER4(X) =/ (Mw4(X))? + p2. (80)

Substituting this formula into (72), and integrating over

p° gives

PO f i a(X, ) + M (X) 9 M (X)0} f o (X, p) = 0.
(81)
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Using expression (79) we can also rewrite the gap equation
in the more familiar form

d3p MU
*QG/ @n)? B3 (X)
% [fH(X.p) + i (X.p) - 1]

d3p Md
_G/ 3Ed

fd (X p)+fd (X, p)—l]

The last results indicate that the form of the kinetic
equations for the two-flavor approach (with massive cur-
rent quarks) is analogous to that of the one-flavour model.
The up and down quarks, as well as their spins, evolve
in the mean fields M* and M¢?, respectively. This allows
to introduce the spin up and spin down densities as the
appropriate combinations of the functions F7/(X,p) and
A(O)f(X p) (compare (69) and (70) of [3]). The only in-
terplay between the two flavors occurs via the gap equa-
tion, which determines the common part of the mean fields
M and M¢.

M(O) — My

(82)

VIl Summary

In this paper we have derived and analyzed the mean-
field transport equations for the two-flavor NJL model.
In this way we have extended the previous work [3], re-
stricted to only one flavor. By decomposing the Wigner
function in both spinor and isospin space, we could in-
vestigate the most general form of the mean-field classical
transport equations.

We have discussed in detail the case of the chiral limit,
studying the invariance properties of the transport equa-
tions. Our analysis shows the limitations in the applica-
tions of the chirally invariant kinetic equations. This sort
of restrictions is already known from the one-flavor con-
siderations: the ratio 7 ()(X)/0o()(X) must be constant
and the spin dynamics is constrained by axial current con-
servation.

An additional result of our approach are the trans-
port equations for quark matter moving in the externally
given scalar and pseudoscalar fields. They follow from our
analysis in the case when the self-consistency required in
the evaluation of the meson mean fields is relaxed. These
equations describe non-trivial couplings between the spin
and isospin degrees of freedom.

If the current quarks are massive, the difficulties con-
nected with the requirement of chiral invariance are not
present. The space-time evolution of the up and down
quark distribution functions is determined by the mean
fields M“(X) = M)(X) + 2(my — mq) and M4(X) =
Moy(X) — £(my — mq), respectively. The common part
of the mean fields, M (X), is obtained from the self-
consistent gap equation.
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Appendix

In this Appendix we list the chiral transformations rules

obeyed by the coefficients appearing in the spinor and

isospin decomposition of the Wigner function (13).
Scalar and pseudoscalar functions:

F — F = Fcosx +P-nsiny, (Ala)
F — F' = Fcos® 5—[(.7-'-n)n—.7:]51n2§
+ Pnsin y, (A1b)
P — P ' =Pcosy — F-usiny, (Alc)
PP =Peos X - [2(P-n)n — P]sin” %
— Fnsiny. (A1d)
Vector and axial-vector functions:
Vi =V, =V, (A2a)
Vi = V), = Vyeos’ 5+ 2(Vemn =V,
—nx A,siny, (A2D)
A, — A, = Ay, (A2c)
A, — A, = A, cos’ §+[(A ‘n)n—A,]
—nx VY,siny, (A2d)
Tensor functions:
S — S;w =S8 cosx + S;w -nsin y, (A3a)
S, — S;w =S cos? % - 2(8Spynn-S8,,] sin? %
+<§,“,n sin x;, (A3 )
gu,,—u;‘;l,: S, COS X — S, msin y, (A3
S — 8, =8, cos2 X 2(8,, n)n—8 ]51n2X
pv v = Cuv B) pv pv B)
—Snsiny. (A3d)
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